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The stability of twist periodic deformations induced by a magnetic field on a nematic liquid crystal sample
planarly oriented is analyzed. We show that this kind of deformation always corresponds to a metastable state.
This conclusion is in agreement with the experimental observation, according to which this type of distortion
is not stable in time.@S1063-651X~96!06111-9#

PACS number~s!: 61.30.2v

Let us consider a nematic sample planarly oriented along
the x axis. A distorting magnetic field is applied along the
y axis, perpendicular to the initial nematic orientation. The
two surfaces of the sample are atz56d/2, whered is the
thickness of the slab. In this situation the deformation in-
duced by the magnetic field can be a pure twist characterized

by the twist angleF formed by the nematic directornW with
the x axis. As is well known@1#, this reorienting phenom-
enon, in the case of strong anchoring on the two limiting
surfaces, has a well defined threshold given by
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whereK is the twist elastic constant, andxa5x i2x' the
diamagnetic anisotropy (i and' refer to unW ). This kind of
Fréederiksz transition is usually called ‘‘aperiodic’’ and
F5F(z) only. A few years ago Lonberg and Meyer have
shown that the elastic anisotropy can induce periodic distor-
tions instead of aperiodic ones@2#. They have also shown
that when these periodic distortions appear, they involve spa-
tial deformations. Hence the distortion does not correspond
to a simple twist deformation. This means that the nematic

directornW is not everywhere parallel to a plane. The critical
values for the elastic anisotropies necessary to observe this
kind of periodic Fre´edericksz transition for different surface
treatments and geometries have been discussed by several
authors@3–6#. More recently@7# it has been shown, both
experimentally and theoretically, that a periodic deformation
completely described by the angleF in the planar geometry
described above can appear. This kind of Fre´edericksz tran-
sition, that from now on we shall call twist periodic instabil-
ity, has been theoretically analyzed by Evangelista and co-
workers@8,9#. In this Brief Report we want to show that this
twist periodic deformation is metastable, in the sense that its
energy is always larger than that of the aperiodical one.

Let nW (x,z)5 iWcosF(x,z)1 jWsinF(x,z) the nematic liquid
crystal ~NLC! director for a deformation of the kind dis-
cussed above. In the situation under consideration, the free
energy densityf of the NLC is @8#
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whereK11, K22, andK33 are the splay, twist, and bend elas-
tic constants, respectively@1#. In the limit of smallF the
previous expression forf reduces to
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For the aperiodic Fre´edericksz transitionF5Fap(z). We
suppose strong anchoring conditions on the two surfaces,
which impliesF(2d/2)5F(d/2)50. In this framework, at
the lowest order, we can assume

Fap~z!5Aapcos~pz/d!, ~4!

which is the first term of the expansion ofFap(z) in Fouri-
er’s series in (2d/2,d/2). By substituting Eq.~4! into Eq.~3!
and integrating overz, from 2d/2 to d/2, andx, from 0 to
l, simple calculations give for the free energy per unit length
the expression
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From Eq.~5! one deduces that the undistorted state, corre-
sponding toAap50, is stable for
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i.e., for fields lower than the critical field given by Eq.~1!.
Let us consider now the twist periodic Fre´edericksz tran-

sition for which, at the lowest order,F can be assumed to be
of the form

F5Fp~x,z!5Apcos~2px/l!cos~pz/d!. ~7!

By substituting Eq.~7! into Eq. ~3! and integrating overz,
from 2d/2 to d/2, andx, over one period, simple calcula-
tions give
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From Eq. ~8! we obtain that the undistorted state, corre-
sponding toAp50, is stable for
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SinceHp(l).Hap , ;l, it follows that the stable state, dis-
torted under the action of the magnetic field, is always the
aperiodic one. Hence the periodic distortion of the kind
given by Eq.~7! could represent a metastable state.

A simple analysis shows thatFp.Fap for H>Hc . Let us
supposeF of the formFp(x,z)5@11e(x)#Fap(z), where
e(x) is a periodic function. This form forFp(x,z) follows
from the boundary conditionsF(x,6d/2)50 due to the
strong anchoring hypothesis. Simple calculations give for the
total free energy per unit length of the periodic distortion,
near the aperiodic one~i.e., for e→0),
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where
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Equation ~10! shows that in the limitFap!1, and e!1,
even if Eq.~4! and Eq.~7! do not hold,Fp.Fap . In other
words, forH.Hc the stable state is the aperiodic one. Hence
a periodic twist deformation induced by a magnetic field in a
planarly oriented nematic sample is a metastable state. For
this reason the periodic patterns observed in@7# disappear
after some time.

In our analysis we have only considered planar arrange-
ment of the director by a static point of view. Srajeret al.
@10# have shown that spatially periodic structures correspond
to nonequilibrium configurations. Their model distinguishes
two regimes: the first is dominated by the viscosities, and the
second one by the elasticity. This simply means that the total
energy of the spatially periodic deformations is higher than
the one-dimensional solution for the distortion.
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